
Math 451: Introduction to General Topology
Lecture 20

Remark .
A product X := IXi can also be quipped with a stronger)=were open sets) top,

walled the

box topology ,
which is generated by the sets of the form. Ti ,

where KiXi is open ,
in other

words "open boxes". This top is however often too strong ,
hence less useful. For example ,

the box

top. on IN (where I is discrete) is discrete since every 18322 is open in I so for each

XEI*, (x)= i x()] is open
in the box top . While the prod. on IN is very useftnEIN

( contrivial limits exist) : it enjoys the combinatories like a discrete space (think of frees) and

it enjoys limite like IR.

Product top = ptwise convergence .

Let X := TX : equipped with the prod . top .

Then a sequence (f)2X

converges in the product top <) it converges prwise, i . e. (fuli))ne=X: converges
Vit I.

Proof
.

=>
. Suppose fut feX in the pood. top .

Fix itI to wow but fulil-flid as n+

let Ui = X; be an open weight. of fli) .
Then the I-base cylinder (ii) is an open weight off,

10 F&, Ent (it i) ,
:e r
falieli

,
so ta full eli

,
hence linfuli) = fli).

n
->

- .
Let UEX be an open weight off and by movingbo a subset

,
we may assure U is

basic open ,
i. e

. U = (i , +Hi, . . .

,
int Kin] . By the acception ,

we have

( Jubile His) and (Iulia) + Hin) and ...
and (fulin) [ Uin),

so becase h is finite
,

we have Fat (fulikli
,

and felite lin had ...
and fuliul + Hire),

i
.

e .
Fin te [iHUi

,
. .

.,
inHin].

Example .

The powise convergence for the space 110, 1)
of functions (0

,
1 + IR is given by

the product top . In particular , the
convergence for the space ((10 , 13) of

continuous func
.

[0
, 1-> IR is still given by the prod . top . On 11).

Recalling that the pood. top is generated by projections proje ,
itI

,
the following is a generalizar



tion of the pointwise convergence
statement.

Prop . LetMilies be top , spaces
and fi:Xe> Yi

. Equip X with the dep generated by filies .

Then

(a) Every (ul = X converges in X <=> (fikul)
nei converges in Y: for all it.

(b) Let E be a hop space and g : -X
.

Then
o is continuous <=> fiog : Et Y:

Proof. HW is continuous for each ItI.

Cor /instance of (6)) .

Let X = TX : be equipped with the prod . top and I be a lop space.itI

Then a fuction g : ZeX is condicious < projog : EtX; is continuous for each iet.

Permanence properties of products.

Theorem
.

(a) An arbitrary product of Hauschoff spaces is Hausdorff.

(6) A arbitrary product of regular spaces is regular.
() A ctbl product of 15t /resp .

259) ctbl spaces is 1st Cresp .

I'd) cabl.

(d) A ctbl product of separable spaces is separable.

(e) A ctbl product of metrizable s pus is metrizable.

Proof .

(a)
,
(b)

,
and 1 etbility in (c) are HW.

1) 2
"

ctbl
.

Let X := TXn and Bu be actbl basis for Xu
.

Let B be the set of finite-base
nEIN

cylinders (n . +Buc
,
Rat> Buz

, ..., Mel Brn] ,
where KENNT

, Buit Bri .

Then B is ctll becas

We are only ctbly-many finite subsets of IN (IPn(IN)/EINEN) .

To check that 3

is a basis
,
it suffices to dow that every finite-base cylinder In ,

t Un
, ..., Met Una]

is a union of sets in 23.
.
But each Uni is a union UB of uts from Bris

le(N
~ (n

, H Br , ...,
nrHBu]so (n , +Un , ,

. . .

,
Up Unk]=Kenle

(d) let X := TXn ,
where Xu# and let DXu be cfbl des in X



let to <X
,

i
.

e
.
folu)eXa for each neIN Cases AC)

.

Let DIX be the set of all

points FeX which are equal to to on all but fin-many coordinates
,
and

on those finitely many
woordines it is from the respective Du ,

i . e.

D = <FeX : JN FnzNf(u) = folu) and FnaN flu)eDu)
·

The D is ctbl bease D = V (FEX : FuzNf(u) = folu) and FINE NoxD ,
x

... xNN-ch
andthl union offeel istbl

,
as well as each Dox ...XONy is etbl.

To show the density of D
,
it is enough to rerifs that D meets every slinder

IP-Uo
,
1 - /

, ,
. . .

,
kHUR] · But for each ick

,
7 dieD :Ui

,
so the

element f := 1 do
,
d
, . . . ,

dr
,
folkei)

,
fo (R+ 2)

,
fo(k + 3)

,
...) D 1 COHUo, ... , 41 Ur] ·

(e) let X=TXn and let du be a compatible metric on Xu
.
Then the metric du= min

17 dnl
**

is still a metric on Xu defining the same top since every du-ball is

a union of du-balls of radius <1
,
which are also di-balls . The

, WLOG , may

assume du1 to begin with .
Define d : XxX+ 10

, 1] by setting for f, 9EX,
d(f

, y) :

=1+. dulf ,gl

To verify let product - open sets are -open ,

it suffices to dow but the slinder
of the form (n +> Un) where UnEXu is an open ball , are d-open ,

i
. e , are

I

unious of dropen balls in X . This is not hard to check (HW).

To verify Not dropen ats are product open ,
use the following generalhim :

Claim
.
It suffices to how let for every d-open ball Brit

,
20 and teX,

- product open V=X with feU = Br() .

Proof. Suppose this property holds and let MEX be a R-open set in X
.

The
,

↓ each fel , 7 Bilt = U fr some 20 · Then 5 Ve = X product open
sit

.

F = Ute Bri (f). But then U = VV.
FEU

From his claim
,

the proof is an exercise (HW).


